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PREFACE 

Mathematics is such a vast and rapidly expanding field of study that there 
are inevitably many important and fascinating aspects of the subject which, 
though vithin the grasp of secondary school students, do not find a place in the 
curriculum eimply because of a lack of tisK. 

Many classes and individual students, however, may find tln^ to pursue 
mathematical topics of special interest to them, "Biis series of pan5)hlets, 
whose production is sponsored by the School Mathematics Study Group, is designed 
to make material for such study readily accessible in classroom quantity. 

Some of the pamphlets deal with material found in' the regular curriculum 
but in a more extensive or intensive nanner or from a novel point of view. 
Others deal with topics not usually found at all in the standard curriculum. 
It is hoped that these pamphlets will find use in classrocmis in at least two 
ways. Some of the pamphlets prcxiuced could be used to extend the work done by 
a class with a regular textbook but others could be used profitably when teachers 
want to experiment with a treatment of a topic different from the treato^nt in the 
regular text of the class. In all cases, the pamphlets are designed to promote 
the enjoyment of studying mathematics. 

Prepared under the supervision of the Panel on aipplementary Publications of the 
School Mathematics Study Group: 

Professor R. D. Anderson, Department of Mathematics, Louisiana State 
University, Baton Rouge 3, Louisiana 

Mr. Ronald J. Clark, Chairman, St. Paul's School, Concord, New Hampshire 03301 

Dr, W, Eugene Ferguson, Newton High School, Newtonville, Massachusetts 02l6o 

Mr. Thomas J. Hill, Montclair State College, Upper ^fontclair, New Jersey 

Mr, Karl S. Kalman, Room 7IID, Office of the ^ipt. of Schools, Parkway at 
Plst, Philadelphia 36, Pennsylvania I9IO3 

Professor Augusta Schurrer, Department of Mathematics, State College of Iowa, 
Oedar Falls, Iowa 

Dr. Henry W. Syer, Kent School, Kent, Connecticut 

Professor Prank L* Wolf, Oarleton College, Northfleld, Minnesota 55057 

Professor John Yarnelle, Department of Mathematics, Hanover College, 
Hanover, Indiana 
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THE MATHEMATICS OF TREES AND OTHER GRAPHS 



1. Introduction 

Once upon a time there vas a rich mathematician who liked fresh air. He 
liked fresh air so much that he built himself o suamier home in the mounts in£3. 
Figure 1 is a sketch of the floor plan. He decided that the best way to be 



sure that he would have fresh air at all times, no matter which way the wind 
was blowing, was to put a door in each wall of each room; and that is exactly 
what he did. 

This mathematician had a maid who kept house for him. Each year he 
would send her up to the summer home two days early with instructions to open 
every door and air the house. But the maid was lazy. She did not like to 
spend the morning opening doors and the evening closing them. She decided 
that the rooms would get aired well enough if each room had either an out- 
side door open or doors open which were pairt of a series of open doors by 
which one could get outside. The only trouble with this idea was that it 
took f^o much time to decide which doors to open so as to open the least total 
number of d Id you have helped her? 

This booklet will enable you to solve the maid's problem. In solving 
this problem you will encounter some new mathematical ideas which are part of 
an important branch of the subject known as graph theory. To get the most 
value out of your reading you should follow these general instructions: 

1. Have paper and pencil with you each time you sit down to work. 

2. Keep your work organized; avoid using scratch paper. 

3. The numbered problems are discussed In the answer section, which 
begins on page iB, Unless you are really lost, you may learn more if you 
wait to look in the anfswer section until you have done t^ever^si problems. 




Figure 1 



1 
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V. A aumber in square brackets, [], refers to tl^ item with that 
number In "Books to Use/ page 2?. 

It lo hoped that the reader hae already been Introduced to cets, Venn 
diagrams, ordered pairs, and the induction principle • 

Enjoy yourself. 



2» Basic Definitions 

Copy the set of dots in Figure 2, 

r • 

• V 

s • 



Figure 2 

Pick a dot and draw a line from that lot to any other dot. Starting 
with the i3ame dot or with a different dot, do the same thing seven more times. 

Copy the set of dots again and draw a different set of eight lines. 

You have now drawn representations of two graphs # The elements r, s, 
t, u, V, and w, represented by the six dots, are called vertices . The 
lines represent what are called edges. Graphs, vertices, and edges are 
abstractions. A representation of an abstraction Is a visible object designed 
to aid the ^student in thinking about saaetblng which, by nature, is not 
visible. Representations of vertices, edges, and graphs can be three-dimen- 
sional, made using balls for vertices and strings for edges; or they can be 
two-dimensional, made using pencil or chalk dots for vertices and pencil or 
chalk lines for edges. ^ 

Every graph can be described by a function, f . The notation used is as 
f olJ riws : 



Similarly, the number three is an abstraction usually represented by the 
numeral "3." The numeral "3" can be seen; but the number it represents is 
never seen, only talked about. Likewise, no one has ever seen a mathematical 
triangle. The only things one ever sees Is a representation of a triangle, 
that representation usually being made with Ink, chalk, wood, etc* 



!• If X and y are any two vertices and n Is the number of edges 
between them, then f(x,y) « n, read "f of xy equals n/' 

2, If f(x,y) « n, then f(y,x) n. Therefore, in writing the set of 
equations for a graph, if f(x,y) Is lnclude»1, then f(y,x) need not be. 

3. If s la a vertex and If there is no edge between s and any other 
vertex, then f(B,x) « 0, where x is any vertex. In this case s is said 
to be an Isolated vertex . 

Study Figure 3 and the set of equations given with it. 

f(s,t) • 1 
f(8,u) = 2 
f(t,u) ^ 0 

f(v,x) 0, X c {s,t,ul 
f(x,x) 0, x {s,t,u,v} • Figure 3 

With respect to the above example, we have the following three sets; 
1 The s gt of vertices , X, which is {G,t,u,v). 

2. The domain of. f , which is the set of all pairs of elements in the 
set of verticen. 

3. The range of f, which io (0,1,1^). 

Rote that the range of the function of a graph is always a subnex of the 
non-negative integers. 



Problem 1. Write the set of equations that goes with each of your two graphs. 
(Two po::MlMe cases are worked out on page l8») 

Having approached graphs inductively, we now state the formal definition. 

Definition 1. A gra|)h in a non-empty set, X, of elements called ver- 
tices and a function, f: 

1, whose domain it; the set of all pairs of vertices, 

2, whose range is a subset of th^ non^negotive integers, and 



^All of the definitions are important, but the numtered ones (there ere 
six of them) should be learned especially thoroughly. As a start, it is 
suggested that you write them out and also memorize them* Note that because 
the definitions in the glossary are all given in the formal "if and only if*^ 
form, they are sometimes worded a little differently than in th^ text. 




3. which to such that, If x and ye X, then f(x,y) ^ f(y,x).^ 

« 

The following definitions describe four special typea of graphs.'* As you 
read the d€?f Inltlona, think about the relationships between the different types. 

A graph Ib a graph with multiple edges If It has at leust one pair of 
vertices connected by more than one edge. The graph which goes with Figure 3 
Is such a graph because a and u are connected by two edges. Is either of 
your graphic a graph with multiple edges? 

It Is possible for a function to have (O) as Its range. The set of 
edges for such a graph liJ the empty or null set. Thus, If a grfiph has no 
edgen, it is called a null ^ra^)h * 



FroMem -\ Write the i^et of equations for the null graph with the three 
vertlcei^ x, y, and z. 



A graph Is a proper graph If It b&a no isolated vertices. The graph which 
goes with Figure 3 is not a proper graph because v is an isolated vertex. 
The graph vmieh goes with the laathematician^s house is a proper graph. 

A graph is a universal graph if each pair of vertices is connected by 
one and only one edge. 

Problem Finish the universal graphs for the sets of vertices in Flgixre 
Does each graph have the saoie set of equations? 



v 




Figure k 



%his stateraent of the definition is not a standard one and is, as a 
matter of fact, quite unlike any the author has read. Its uniqueness is the 
result of the following two facts. First, the study of gre^hs is such a new 
area that no one definitional statCTsent has really becooe standard. Second, 
most authors only define graphs in an infoiiaal and intuitive j»nner, ^reas 
I have chosen to give fon»l deflnitlcms for all of the basic concepts. 

If , 

A graph with the function f is a ^raph with a looy if and <mly if 
there exists a vertex x such that f(x,xTf oT^lnce none of the theorems 
or problems will involve graphs with loops, hereinafter the term "graph* 
will be understood to mean *grai*i without a loop.* 
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it* ^ * couiats of Q v«rtle«i, hov oMsy ftx« in its loi- 

vcnal gsi^hf 

^tlem 2. To Aslp you tUnk «3}out tte relatioixshlpfl between the different 
typei of graphs aentlooed so far, dr»w a Venn diagram. Let the 
universal set, be the set of all graphs vith more than one 
vertex. Let M stand f or tl^ »st of ^vphs vith multiple edges, 
5 for the miU. graphs, P for the proper graphs, and V for the 
universal grftpha* (filnts To get started m this -type of problem, 
of lAieh there will be more, you might ask youx«elf these -ttiree 
questloaB about each pair of sets, A and B: 

1. Xa AnB - 0? 

2. Is AOB-A; that is, is ASBt 

3. Is BnA.B; that is, is BfiAT 

In this c&se, the sets A and B would be chosen from 
and V as described above.) 



SaaetliafiB when you are given a representatl<m of a graph, you can count 
the edges by putting a nmaber beside each one and after a while you will come 
to a last edge. All of the exaoples given thus far have this property. A set 
such that it is possible to count the laesibers and come to a last one is called 
^ ^^r^t^ SS^9 thus a graph with a finite nuniber of edges is called a 

It is possible to think of the r^ nvosber line (Figure 5) as a graph. 
!Ihe vertices of such a graph would be in correspondence with the integers. 
The "real nuaiber line graph* is an infinite sam^v^ t there is no last edge no 
natter how the edges are numbered. 

-•3-2-10123 

Figure 5 

A oathcsmticlan soiaetlfiies has a choice ^n he loakes a definition. For 
example, a finite graph could hare been defined as one with a finite niaaber of 
vertices ^ However, then it would havre been more diffictilt to discuss hov many 
edfi^s such a graph could have, tmless we restricted oiirselves to graphs wl^<» 
out matlple edges. Wit* the deflnitlcm that was given. It is fairly easy to 
prove the following theorem, Theorem 1, about the number of vertices* Hoimver, 
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tbli tteorco ^Omo includes m nntrlctloa, thftt of no iaolftted wrtlces. Grajphs 
vlth liolAted vertices are used less often in problems thin are grsphs with 
multiple edges. Thus, t^s is the preferahle restriction fron a practical 
standpoint* 

TbeoreiB 1. A finite proper graph has a finite number of vertices. 

Proof; let d be the nusiber of edges. Assusae that there are mre than 
Sd vertices. Since each edge can "use up* at most two vertices, 
so»e of the vertices imist isolated. Thus, this assumption 
leads to a contradiction. Therefore, since 2d is a finite num- 
ber and there are less than or at most 2d vertices, then the num- 
ber of vertices is finite • 



Planar Graphs 

Problem The function described below is to used with each of Figi^res 6 - 
10. For all but one of the figures, it is possible to draw (or 
finish) a representation of the graph in such a vay that none of 
the lines intersect. 

a. Find the one for ^cb it is not possible by finding solu- 
tions for each of the others. 

b. For the remaining me, find two solutions cm a doughnut- 
shai>ed surface. It is reconmiended that a strip of paper, 
taped together as shown in Figure 11, be used for the 
doughnut-shaped surface. 

Function: For each pidr listed the value of the function is 1. 
The value of every other pair is 0* 

(s,v) (w,z) (s,w) 

Ct,v) (x,z) (t,x) 

(y^z) (u,y) 



• w 



•y 



t 

•V • m X ssv zssx 



Figxure 6 



Figure T 




Figure 10 Figure 11 



Ax^ soluwion other tban the doughnut solution shows that the graph which 
consists of eight vertices and the given function is a p l a n a r gra]ph « A graph 
is a ylanar graph if it is possible to represent it on a plane in such a way 
that the vertices are all distinct points and no two edges n^et except at 
vertices. 

The point of tL^j above problem is that whether intersections are neces- 
sary or not is detennined by the type of surface on which the gr^h Is repre- 
sented. In three-dimensional space, every graph has a representation which 
has no intersecting lines. 

I ^oblem Can you draw a planar representation of the universal grai h which 
has three vertices? four vertices? five vertices? 

CSialng 

Xn order to solve the aiaid^s problea, we zieed to cc^sider ordered lists 
of edges. Coxislder the tw edges a and b in Figxire 12 and the ordered 
pair of edges (a,b). 
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Figure 12 

In thlB ordered pair, tvo edges have the vertex 2 in ccsaaon. The ordered 
XWklr (b^a) has the saise vertex in coosaon hut it is different hecause the 
edges are listed in a different order. Intuitively, the difference betveen 
Ca,b) and (t^a) is like the difference between Nalking* from 1 to 3 
and %alking" from 3 to 1. 

It is also possible to have ordered triples such as (a,b,c) or even 
(b,e,b). Sequence is the general term used to describe a set of ordered items 
tfithout specifying the nuzaber of items being ordered. 

ft^blaa 8. Using Figure 12, give three sequences of edges. 



Dgfinlticm 2. A non^-enqpty sequence of edges (uj^, Ug, ...) is a chain 
if each Uj^ has one vertex in coamnn vi ;h the preceding edge Uj^ , and 
the other vertex in ccsnmon with the succeeding edge • 
In Figure I3, (a, b, c, e, a, d, h) is a chain. 




Fig\ire I3 

Problm With respect to Figure I3, vhich of the following are chains? 

1. (a, b, c, d, a, e) 3- (e, c, h, g) 

2. (a, d, f, g, h, c) h. ih, c, a, d) 

There are several special types of chains. As you read the following 
deflniticsas, think about tte relationships between the different types. 
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A chain is a sim ple chidn if no edge is iised more then race • The chain 
(f, h, c) is siiqple, bxxt the chain (f, h, f) is not. 

A chain is a fi^ '^^ chain if it has a last edge. Au infinite chain has 
no last edge. 

Problm 10, The sequence of edges (v^, Vg, v^, •..) of the non-ne^tive 
real number line (Figure Ih) is an exiw^le of an ____ 
chain, (tvo words) 




Figiure Ik 



Problem 11 * Draw a Venn diagram which shows the relationships among the set of 
chains, C, the set of siii5)le chains, SC, and the set of finite 
chains, FC. Let the universal set, U, be the set of non-empty 
sequences of edges. 

Definition J, A finite chain (u^, Ug, u^) is a cycle if the first 

vertex of is the same as the last vertex of u^ • 

Intuitively, one can think of a cycle as beginning and ending at the sacse 
vertex; but, technically, the cycle itself contains no vertices, only edges. 

In Figin^ 15, is {a, f, 1, h, b) a cycle? «hy not? 




Figtire 15 



Note that clLI graphs except for null graphs contain such trivial cycles 
aa (a, b, b, a) and (a, a). 



Jurt as there «ro different tys^n of chainB, so there ftre also differ«xt 
types of cycles* A ^le is m stople cycle If no edge is used laore thsa once. 
Does the •real number line graph* (page 5 ) ccmtain any stng>1e cycles? 



Defintticm k. A cycle is an eleaientary cycle if j 

1. The vertices used to define the edges are used by the edges in the 

given cycle exactly twice, and 
2» no edge is used more tban once,^ 

In Figure 15, (a, h, c, d, e, f ) Is an elsaentary cycle, hut 
e# d^ k, h) is not. 

^^^^^ a Venn diagram T*hich shows the relationship between simple 

cycles, SO, and elementary cycles, EO, Let the universal set 
he the set of cycles, 0. 

^ot>leia Using Figure 15, identify each of the following chains, choosing 



one 


of a 


- e 


• 












1. 


(s, w) 












a. 


finite chain 


2. 




c) 










b. 


finite 8lBS)le chain 


3. 


(s, t. 






v) 






c* 


qrcle 


k. 


(a, f. 


1, 




a. 


g) 




d. 


sinsple cycle 


5. 


(a, g. 


1, 


e. 


■i. 




i, h) 


e« 


eleisentary cycle 


6. 


(a, g. 




^, 


a. 


s. 


h) 







Problem l4. Draw a Venn diagram which shows the relationships Bmrng the fol- 
lowing sets: 

1. non-en5>ty sequences of edges, U (the universal set) 
2» chains, C 

3. sin5)le chains, SC 

4. finite chains, FC 

5. cycles, 0 

6. sjjuple cycles, SO 

T» eleTOntary cycles, 50 

You say find it easiest to use rectangles to represent the sets. 
Be sure to have a large enoxigji piece of paper. (Hint! Draw two 
other dlsgrauis first: one with eveiything but No. 3, and the 
other with Just Nos» 3, 5, and 6.) 

Without this second restriction, cycles such as (a, a) would be ele- 
notary cycles. By not stating this second restriction, scsae authors have, in 
effect, contradicted themselves in later definitions. 

10 
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If you need to reviev the deflniticms in the first section, •Basic Defi- 
nitions,* do so nov. 

Consider the set of all tovns with railroad staticms as a set of vertices, 
and let the railroad tracks represent the edges of a gr«q?h* For this graph, 
there exist pairs of vertLcep , such as those represented hy Lcmdon and Nev York, 
for lAich there is no chain, no sequence of tracks, yAsLoh connects the two# 
The telephone system, on the otter hand, represents a different type of gr«^hj 
anyone with a telephone can talk with anycme else with erne (although special 
arrangements have to be loade for persons em the sac» party line). The •tele- 
phone system gwiph" is an example of a connected graph . 

Pennttftnn a graph is a connected graiah if, for every pair of distinct 
vertices, there is a chain going froai one to the other. 

P^^eg^ iS.- ^'^^ * Venn diagraa which shows the relatic»iships among the set 
of connected graphs, C; the set of proper graphs, P; and the 
set of null graphs, N. Let the universal set, U, he the set of 
all graphs with more than cme vertex. 

The next problem, the last Venn diagram problem, is given to help you 
understand the definition which follows it. 

Pw'blgg^ 16- a Venn diagram which shows the relationship between the set 

of graphs %fcich ccmtain simple circles, QSO, and the set of graphs 
which contain elensentaxy cycles, GEO. (This is a tricky problem!) 

In order to solve the tsaid^s problem it is necessary to leam one more 
definition and two theorems. 

Definition 6. A finite cOTnected graph is a tree 
Ip if it has at least tvo vertices and 
S. if it has no elementary cycles. 

Bbr the previous problem, problem l6, you also know that a tree has no 
8ijiQ>le cycles. 
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fraMnm IZ* ^ Figure l , vMch dravlags ure not of tzeest Justify yoiir 
•) 1 1>) 1 c) 1 






Figure 16 




18. Using Figure 17, draw a representatioa for each of the trees 
vrtiich has exactly four vertices. Do not stop too socm! 

• 1 



Figure 1? 

I^g^i-?!? i2* are the possible nun&ers of edges a tree with four vertices 

can have? with three vertices? with five vertices? 



liae Bath«iiaitician»s bouse con he considered as represenUng a finite c<m- 
nected graph, and the opeaing of a door can he thought of as the removal of an 
edge. Do you see that as long as there are any elementaxy oycleB in the ho^ise, 
tte part of the bouse which is so enclosed cannot be aired? In order to know 
which doors to open, it Is necessaiy to know more about finite comxected graphs 
without eleoentary cycles, that is, trees. IThe following two theoresas describe 
sooe of the characteristics of a troe. 
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^qr^ 2t If a gx^h la a tree and if x and y are any tvo distinct 
verttces, tbsn tbere Is one and only one siiaple chain begin** 
ning at x and ending at y« 

Proof: If there wre ziot a chain ^ then the graph vould not be connected* 
definition, a tree is a connected graph. If there were 
more than oae simple chain, then any tvo together vould form 
a cycle i^ch, by the proper elimination of ext» edges, 
voiild yield at least one elaoentary cycle. (Figure l8 should 
suggeat to you hov this procedure vorics#) ^y definition, 
trees do not have elementary cycles. Therefore, there is only 
one simple chain betveen any two vertices. 




Figure l8 



Theorem ^. If a tree has n vertices, then it has n - 1 edges. 

Comoent: A corollary of this theorem is that every tree has one less edge 
than it has vertices. Bvery tree has a finite nisober of edges by the defini** 
tion of a finite graph. By theoreci 1, page , ve know that every tree has a 
finite nuBflber of vertices. Therefore, even when a finite nuuiber of vertices 
is not postulated for a particxilar tree, we will know after proving theorem 3 
that that tree has one less edge than it has vertices. 

Preliminary exercise; Draw a representation of a tree with, say, between 
five and ten edges. Add one edge to it in such a way that it still represents 
a tree. Hov nany vertices did you add? Can you add an edge in another way so 
as to add a different nuinber of vertices? 

The proof of this theorem is by induction. Let S(n) be the state- 
ment that a tree with n vertices has n - 1 edges. A tree 
must have at least two vertices. Since, for a tree, two ver- 
tices are connected by cme and only one sis^>le chain, the sim- 
plest tree has only two vertices and one edge. Therefore, 
S(2) is true. 

Suppose that S{k) is true, that is, that a tree with k vertices 
has k - 1 edges, toe way to get a tree with k edges is to 

* r 



Proof: 
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mM aa edge to a tree vith k « X edges* As w ftdd the edge^ 
can add no vertlMsT cne vertcxt aore tban cme vertex? 
If no verticos are added, then t£^ nev edge viU he a sissOe 
chain hetwen the tuo vertices vhlch are its endpoints* ^ 
theory 2, ttmve already mm a siople chain between those ver- 
tices; so nov there are tvo sinple chains between them. Since 
that theorea says that there must he euctly one chain, such 
a gra|Ai vwld not he a tree. Therefore, It is necessary to 
add at least cme vezrtex. If ve add more ^lan vertex, then 
the graph is not connected; either the nev edge is disconnect- 
ed or else ttere are isolated vertices. Since trees nnist he 
connected, ve cannot add store than cme vertex. Because it in 
necessary to add one and only cme vertex vhile adding the ex- 
tra edge, a tree vith k edges must have k 1 vertices. 
Thus, S(k} iiaplies S{k ^ l). 

Since S(2) is true and S(k) loplies S(k l), then 
S(n) is true for all n > 1; and the theorem is proved by 
induction. 

Be statement of the lazy maid*s problem: You remeo^er that she wmted to 
get rid of all air traps (elementary circles) by opening as few dows (removing 
as fev edges) as possible. Since a finite proper graph has a finite number of 
vertices (theorem 1, page 6), the problem, stated in general terms, is tvofold: 

1. For a finite connected graph with n vertices and m edges, n ^ m 
^t is the siaallest nuoher of ed^s that must be removed If there are 
to be no elementary cycles! 

2. Hov can appropriate edges be chos^t 

Hote; 

1. ^ do not have fewer edges than vertices, so we are not starting with 
a tree, (m > n - l) 

2. A graph, by definlticm, must have at l«wt <mn vertex (n > l). Since 
m > n, the type of graph we are e(»uildering tore also has at least 
one ed£^ and thus at l^uiUFt two vertices. 

Solutions We begin by eliminating an edge 1>elonglng to an elementary 
cycle, say the edge a^ between tl» vertices x^ and x^. The graph is stiH 
connected because the other part ctf the cycle forms a dmln froen x^ to x^. 
Xf there is another elementary cycle, anotter edge can be eliminated in the 
sam way. Since tto grai^ Is finite, there will ccste a time when there are no 



elearotmry c^elea left* Thm ve shall lucra a finite ccHioected graph nith no 
eloMntazy cycles and with at least tvo vertices, in other wordSi a tree. This 
tMe has n vertices, the sasie nuad>er as for the original graph. It has n «» 1 

edges, }3y theorem 3, If r ima the n\jnft«r of edges removed, then 

n - 1 » m - r 
or r o m - n + 1.^ 

Note that in answering the first t»lf of the prohlea the aet^odolc^ for 
the second vas given. 

Prohleia What is the smallest number of dcK^rs that the laaid Yolb to open? 

(Hint: In order to cotmt thB edges, copy or trace figure 1.) Is 
there more than one set of doors which consists of ttils "least num- 
ber* and which win air out the house? 



Finish all the problems before checking the answers. 

Rpobleaa 21 . For each of a and b, fill in the blank In the following state- 
ment with as many of p - s as are true. The graph with this 
set of equations is a • 

a. fCx,y) » 1 p. universal graph 

q,m proper graph 
f(x,z) ==0 r. graph with multiple edges 

b. f(x,y) « 1 s. tree 

fCy,a) « 1 
f(x,z) = 1 

Problem Refer to figures 19-21. 

a. Is (a, c, b) a chain? 

b« Is (e, f, g, h) an elementary cycle? 

c. Is 0 a representation of a tree? 
In each case, Justify your answer. 



^Adapted from [h], p» 37. 
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Figure 19 





Figure SO 



0 



Figure 21 




^:aWffl 2^. With respect to the "real nuaber line graph," for vhat pairs is 
the value of the fxmctioa 1? 
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1. Two possible sets of equati^ms aad repr^santatloxisi 

0 



2. 




b) g(r,s) - 1 
g(r,t) » 1 
g(r,u) - 1 
g(s,t) * 1 
g(t,u) - 1 
s(v,w) » 3 



a) f(r,s) 
f(r,t) 
f(r,u) 
f(s,t) 
f(t,v) 
f(u,w) 

f(u,v) 

For all other pairs of vertices, the values of f and 
Hx,y) » 0 f(y,z) . 0 f(x,2) « 0 

•) b) 






Yes, each does have the same set of equations. 
J*. |n(n - 1) 



5. 
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2.^ 



6» m) FiguM 10 bM no lolutloQ. Timn is a story, "Ibe Stozy of tbe Bsrslwi 
CaUph aad His Qsughter*s Boyfriends," vhlcb goes vitli th»t figuM. 
S«« page 8* Possible solutions for figures 6-9 are: 

6) 7) 






8) 



9) 





b) IVo possible solutions are: 

1) 




2) 




For furtber study on some of the differences between planar surfaces 
and doughnut-shiQ>ed siirfaces, see [2] or [6], 
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7. •) 



b) 




c) The universal graph with five vertices is not planar. Neither is the 
graph vtolch gocB with the function wiiose value is 1 at each of the 
pairs listed and 0 elsewhere. 

(V,5C) (w,x) 

("»y) (v,y) (w,y) 

(V,Z) (w,2) 

It has been proved that a graph is not planar if and only if part of 
if is, in a certain technical sense, "lilw" either of the two non- 
pljttiar glyphs jsenticmed above. See [k], p. 96; [6], p. 1+2; [10], 
p. l>2j or (9], p. 211. There is a proof in I9], and [10] men- 
tions another place to find a good one. 

8. Three possible sequences are (a, b, d), (e, a, b), and (e, b, c, d, a, e), 

9. Number 1 and Kxuriber 2. 

10. Infinite simple 
11. 




12. 
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13. 1 - b, 2 - e, 3 - b, U - a, 5 - d, 6-0. 




15. 




16. 













u 




GSO 


and 


GEO 



Any elementaiy cycle lis a sJjEple cycle; therefore, GEO < GSO. 
Aoy sljnple cycle \AxLch is not an elenjentary cycle can te broken into 
elenentary cycles; therefore, GSO ;2 OK). 



17. Refer to figure 22. 

a) This graph is not a tree because {a, c, d) is an elenentary 
cycle. 

b) This graph is a tree, 

c) TblB graph is not a tree because it is not connected; k is an iso- 
lated point. 

21 
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d) TtxLm grtph is not m trets baomse (e, f , g) is «a el^saemtaxy cycle. 

e) QdLf gnph is not a tree because (u, v) is a& elementary cycle. 

f ) This grmph is a tree. 





Figure 22 



18.' 





A 



19. four vertices * three 
three vertices - tvo 
five vertices - four 

20. 1? = - 28 + 1. 

Yes, there is im^re than set. 

When is a housp not a house? 
A: Uhen it is a tree. 

21. a « s; 1) - q. 



'^Adapt^d from [9], p. l60. 
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ft) Ho. 

b) no. 

e) Eo« 



EdigGB ft and c bftVB 
The vertex betwen f 
0 is not eosmected* 



no vertex in ecsesaosi* 

and g Is used more than cmce. 



« S3* flx,y) - 1 if end only if x - y + X« 



Further Study 



% describing soeoe other problems related to graph theoxy and by providing 
guidance concerning the choice and xise of ottor sources, it is hoped that the 
reftder viXl be stimulated to stu^ other aspects of graph theory and topology. 

Problcans to Consider 

The following five problems illustrftte some additional ideas vhicb are 
part of graph theory. Ansvers to the staired px^blems api^ar after -tibe fifth 
problem. The sources and page numbers are listed after each problem, and each 
answr is taken from the same source as the corresponding problem. 

1« R9ad Const met iqn . If a person were given a set consisting of n cities 
and were given the cost of ccsistructing a road between any pair of these cities, 
hov cotJLld he determine the cheapest way to construct a road network which would 
connect all n cities? 1^^-38] • 

*2. Bound Tour of the World . Pretend that the world is shaped like a dodeca- 
hedron and that there is a town at each of the twenty vertices. Using figure 
23, plan a world tour such that each town is visited once and only once, travel 
is done along the edges, and the last town is the sarae as the first. [k^2B] 
and 19-107]. See [8] and [U] for discussions of Hamilton circuits, the 
generalization of the idea behind this problem. 





Figure 23 



Figure 2k 
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*3- Who 1_8 the Most Powerful ? This Is » directed graph problem. In figure 
2k, the vertices represmt people; aad the "arrows* represent infltxence. An 
Arrow goes from x to y if the influence of x c»i y is of significance. 
Decide who the most powerfia person is. [9-136]. (A teacher who has an 
especially troublesoaiB class is sometiiaes advised to mOse a diagram like this 
one. The infornaticai for it is olStained ftam student questicmnairesi) 

k. Applicants, A firm has n vacant Jobs of various types and has 

a groiq) of n applicants such that each workman is qualified for one or more 
of the Joba. Under what conditions is it possible to assign each san to a 
position for which he is qualified? [k-k^] and [9-92]. 

5« Optimum Personnel Assignment . Uiere are n woifcers in a firm who are to 
be assigned to n different machines. The output of each worker with respect 
to each machine is known. How shovild assignments be made so as to achieve the 
maximu m total output? iT-vii, 79] and [9-229]. 

Even though there are similarities between problems four and five, problem 
five Is much more difficult. 

Answers to Selected Problems 
2. One possible solution is shown below. 




3. One might think that because person nuniber 12 has the most direct influ- 
ence that he was the most powerful, but the people whom he dominates are not 
very influential. Person number 2 is the most powerful because the three 
people whan he influences are themselves very influential. 



Books to Use 



Graph theory is a branch of topology. Two types of works have been In- 
cluded In this lists all the basic^works m g»ph ttepry and some additional 
books irtiich are suitable for high school students and which are about other 
areas of topology. The first six books are listed in their order of difficulty. 
The first five were written for high school students. Those s^ch contain 
both exercises and solutions are nuaibers 1, 3, k, and 5. The last five books 
are more difficult. They are listed alphabetically. 

There are two famous problems that are included in most of ttese books. 
The first is a proposed theorem about the number of colors needed to color a 
map. Because wb^ coloring is easy to explain, this topic is often included i 
beginning books even though the proofs for the part of the theoarem that hav^ 
been proved are quite difficult. Map coloring is discussed in niaabers 1 k, 
6p 8, and 10. The other famous problem is the Koenigsberg bridge problem. 
It was the first problem In the first graph theory book, which was written by 
Euler a little over 200 years ago. This problem is discussed in nuinbers 1, 2, 
^, 6, 8, 9, and U. 

EXementary Works 

[1] Johnson, D. A,, and Glenn, W. H., Topology, the Rubber ^Sheet Geometry . 
Pasadena; Webster Publishing Coa^saay, I966. l^Qpp. This booklet is a general 
introduction to topology and thus includes a number of different topics • One 
section of it is devoted to tricks and puzzles ^ich involve topological con- 
cepts . 

[2] Barr/ Stephen, Experiments in Topology , New York: Thosoas Y, Crowell 
Cojjgjany, 196^- 210 pp. This book is written in a veiy readable style. To 
help the reader understand certain concepts, instructions are given on how to 
make i^per models of a nujober of different topological sxu:^aces. The book 
also includes a chapter on sets and Venn diagrams. 

[3] IVnkin, E. B., and Uspenski, V. A., Multicolor Problems. Bostons D. C. 
HeaUi and Coispany, 19^3. 66 pp. This booklet is very thorough. It includes 
a short appendix on coloring spheres. 
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[k] Ore, Oysteln, Orayhg a nd Their Uses ^ Sev York: Randooi &?iiBe, Inc., 
131 ppp Aft can be seen froa the tahle 00 i«ge kQ, Ore's terminology ie different 
from that tised here. The be^julng of the book ie fairly infonn&l, but the rest 
of It requires thorough voxic. 

[5] Chinn, W. G., and Steenrod, N. E., First Concepts of Topolofflr : The 
GeogMtxy of Mappit^ of Sesaentg ^ Curves ^ Circles ^ and JM>aks >> Nev York:. .Sandoci . 
House, Inc., 1966. I60 j^. Both [k] and [^] are part of the sazae series: 
the Hev Mathessatlcal Libraxy, the Monograph Project of the School Hathezoatics 
Study Group* 

[6] Arnold, B. H., Intuitive Concepts in Eles^ntary Topolc^ , Efaglewood 
Cliffs, New Jerseys Prentice Ball, Inc., I962. 1^ pp. This book includes 
an explanation of mathexnatical proofs by induction. It gives a proof for a 
special case of the Jordan curve tlieorem, a theory vhich is referred to fre- 
quently in topology. The book contains problems but not soluticsifi. It vas 
vritten as a text for college sophcm^res. It is xzqt iiz^ression that only the 
last tvo chapters require more than high school material. Hovever, 'what makes 
the book a college text is that the student needs to have had experience in 
working with proofs. 

Advanced Works 

[7] Avondo-Bodlno, 0., Econognic A^ p pli cations of the Theory of Gra p hs. New 
York: Gordon and Breach, 1962. 108 pp. The subject matter of this book is 
the solution of four practical but difficult economic problems, one of which 
is problem five on page ^^^4 . ^fcst of the b<x>k is on a very abstract level. The 
first two chapters are a little easier than [11], but the rest of the b<K>k 
is much more difficult. 

[8] Ball, Rouse, Mathea&tical Recreatims and Ss^s # New York: !&cmillan, 
1962. (Reprint of an 1892 edition.) J^lB pp^ The introductions to the Koenigss- 
berg bridge problem, the fifteen girls problem, and especially the map coloring 
problem are very clear and understandable. However, after a topic has been 
introduced, the discussion becoa^s rather cmplex. 

[9] Berge, C, ^ ThSOiy s£ OsSS^ flfi^ ilS. Applications. Translated by 
Alison Doig. New York: John Wiley and Sons, Inc., I962. 21^7 pp. This book 
is very difficixlt. However, it contains a number of problems, some with solu- 
tions, which are ftm to read. They are found on the pages listed below. 
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41 


72 


109 


135-36 


178 


188 


35 


k2 


92 " 


uo 


165 


179 


202 


36 


66 


107 


112 


176-77 


187 


204 



iXO] Bumry, Frmnk, "CooblMtorlal Ptt)blems la Gbnphlcal finoiemtloo,* 
Applied CoBblnatorlal M^-fcii^ina'fcigit^ Edited by Ednin F. Beckenbacha Sev Yoric: 
John WLloy end SonS| Z&c.^ X9^. TMs chapter dlscusees soos of the dlffKnat 
problems in gr^ph theory which have been solved and a msiiber t«hlch have x^t^ 

[11] Ore, Q^rsteln, Ihcory ^ £jSBSii&* America M&tbeaatical Society Ck>lloqui- 

Publlcatiooa, Volusae XXX7IXX. Providence, Rhode Island: Acieric^ Hathe- 
saatical Society, 1962, 270 pp. This boc& contains probleas but not solutions. 




Table of Termlnolc^iee 



Graph theoiy is a fairly new area of study; and, aa yet, the tenainology is not standardized. 
I'r^Sil^'^rni? ^y^Jf /t^<iy# the following cliitrt.listw tha tenas used by soine of the different 
authors. This booklet uses Berge^s tcrminoloey for non-directed graphs • 



Berge 
non-directed 



Berge 
directed 



Avondo-Bodino 
non-directed 



Avondo-Bodino 
directed 



Ore 



vertex or point 


vertex or point 


point 


Point 


vertex 


edge 


arc 




arc 


edge 




path 


chain 


course 


connected sequence 


0ls^)le chain 


siinple path 






I»th 




eles^ntary path 






arc or sinqple path 


cycle 


circuit 


cycle 


circuit 




slfliple cycle 




sicple cycle 




cyclic path 


elementary cycle 


eles»ntary circuit 


elementary cycle 




circuit 



tree 



arborescence 



ti^e 



iu*borescence 



tree 
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A non-ec^sty sequence of edges (u^, u , . • . ) is a chain if and only if 
each has one vertex in common wife the preceding edge u, ^, an^ , 
the other vertex in consnon vith tl^ succeeding edge (Kge 8). 

Connected graiph. 

A graph is a connected graph if and only if, for every pair of distinct 
vertices, there is a chain going from one to the other. (Bage li), 

<^cle. 

A finite chain (u^, u^, u^) is a cycle if and only if the first 

vertex of Uj^ is the saioe as the last vertex of u^. (Piage 9), 

ELejoentary cycle • 

A cycle is an elesientary cycle if and only if: 

1, the vertices used to define the edges are used by the edges in the 
given cycle exactly tvice, and 

2. no edge is used more than once. (Bage lO). 

Finite chain. 

A chain is a finite chain if and only if it has a last edge, (i^e 9). 
Finite gr^h. 

A graph is a finite graph if and only if the set consisting of its edges 
is a finite set. (Page 

Finite set. 

A set is a finite set if and only if there exists a positive integer m 
such that the elements of the set can be put into a one-to-one correspon- 
dence with a proper subset of {1, 2, m}. (P&ge 5). 

Graph. 

The set consisting of a set, X, and a function, f , is a graph if and 
only if: 

1. X is a non-empty set of vertices, and 

2. f is a function 

a. whose doaailn is the set of all pairs of vertices, 

b. whose ran^'.e is a subset of the non-negative integers, and 

c. which Is such that, if x and y e X, then f(x,y) = f(y,x). 
(Paee O- 

GrfiQ>h with multiple edges. 

A graph is a graph with multiple edges if and only if it has at least one 
pair of vertices connected by more than one edge. (Page ^'0. 

Infinite chain. 

A chain Is an infinite chain if and only if it is not a finite chi^n. 
(Page 0. 
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A graph ia tn infinite graph if and only if it is nest a finite graph. 
(ft«e !>)• 

SuU gi«ph. 

A graph is a null graph if and only if it has no edges, (ftige k ) • 
Planar gx^h. 

A graph is a plwmr graph if and only if it is possible to represent it 
on a plai» in such a i^ that the vertices*are fSl distinct points atxd no 
tvo edges meet except at vertices. (Bage 7)* 

Proper graph. 

A graph is a proper gr«ph if and csily if it has no isolated vertices. 
(Page h). 

Sissple chain. 

A chain is a sixaple chain if and caily if no edge is used more than once. 
(Page 9). 

Siiqple cycle. 

A cycle is a simple cycle if and cmly if no edge is used more than once. 
(Ptage 10). 

Tree. 

A graph is a tree if and only if: 

1, it is finite^ 

2, it is connected, 

3, it has at least tvo vertices, and 

it has no elementary cycles. (Page ll)- 

Universal graph. 

A graph is a universal graph if and only if each pair of vertices is con- 
nected by one and only one edge. (Page h^) 
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